ABSTRACT. This paper relates classes of finite automata under various feedback products to some well-known pseudovarieties of finite semigroups via a study of their irreducible divisors (in the sense of Krohn-Rhodes). In particular, this serves to relate some classical results of Krohn, Rhodes, Stiffler, Eilenberg, Letichevsky, Gécseg,Ésik, and Horváth. We show that for a finite automaton satisfaction of (1) the Letichevsky criterion for non-empty words, (2) the semi-Letichevsky criterion for non-empty words, or (3) neither criterion, corresponds, respectively, to the following properties of the characteristic semigroup of the automaton: (1) non-constructability as a divisor of a cascade product of copies of the two-element monoid with zero Í, (2) such constructability while having Í but no other non-trivial irreducible semigroup as a divisor, or (3) having no non-trivial irreducible semigroup divisors at all. The latter two cases are exactly the cases in which the characteristic semigroup is Ê-trivial.
PRELIMINARIES AND PREVIOUS RESULTS

Automata. A finite automaton
such that ³ ½´ ¡ Üµ ³ ½´ µ ¡ ³ ¾´Ü µ holds for all ¾ , Ü ¾ . If both ³ ½ and ³ ¾ are surjective, then is said to be a homomorphic image of . If on the other hand both ³ ½ and ³ ¾ are injective, then is said to be (isomorphic to) a subautomaton of . If ³ ½ and ³ ¾ are both bijective, then we say ³ is an isomorphism from to . We shall generally not distinguish among isomorphic structures. to Ò, the function is called the Ø feedback function of the general product, and gives an input letter to depending on the input letter Ü and the state components´ ½ Ò µ. ½ Such a product is completely determined by its component automata, the input alphabet , and feedback functions.
¾
In this paper, we shall study some products which restrict the length of feedback. If each may depend only on Ü and the coordinates with , then we have a cascade product. For ¼, if each may depend only on Ü and with then we have an « -product, that is, a product with length of feedback bounded by . The cascade product is thus an « ¼ -product, and any general product is an « product for some (e.g. for Ò, the number of factors).
¿ We have a quasi-direct product or Õ-product if each may depend only on Ü. Every « -product is obviously also an « ·Ò -product for all Ò ¼. Given a class of finite automata Ã and a product , let ´Ãµ denote all finite automata which can be constructed as -products of members of Ã. (In speaking of classes of automata, we shall assume they are closed under isomorphism.) We say a general product of automata has non-trivial feedback if it is an « -product for some ¼ but is not an « ¼ -product. In particular « ¼ and « ½ are closure operators on classes of finite automata (since 1,2,3 resp. 1,2,4 of the lemma hold). It is certainly not true that « ´« Ò´Ã µµ « ·Ò´Ã µ for general Ò. It is also not true for general that « ´« Ò´Ã µµ « ´Ãµ.
An automaton homomorphically represents an automaton if is a homomorphic
image of a subautomation of . A class Ã of finite automata is said to be homomorphically complete if every finite automaton can be homomorphically represented by an automata from Ã.
If Ã is a class of finite automata, À´Ãµ denotes all homomorphic images of members of Ã, and Ë´Ãµ denotes all subautomata of members of Ã. We sometimes write È ´Ãµ for « ´Ãµ and È´Ãµ for Õ´Ãµ. We write ÀËÈ ´Ãµ for À´Ë´« ´Ãµµµ for ¼ ½.
Thus, ÀËÈ ´Ãµ is the class of automata which can be homomorphically represented by « -products of members of Ã, and we write ÀËÈ´Ãµ if the quasi-direct product is used.
Hence we also have a hierarchy
It is an elementary exercise to check the well-known fact that ÀËÈ´Ãµ ÀËÈ´ÀËÈ´Ãµµ and, moreover, ÀËÈ ´Ãµ ÀËÈ´ÀËÈ ´Ãµµ for all ¼ ½ (e.g. [6] ).
We recall ½ The general product is sometimes also called the Gluškov product. ¾ For Ò ¼, the empty product is an automaton with exactly one state -'the unique zero-tuple'-on which each input letter Ü ¾ acts in the only possible way.
¿ The cascade (or feedback-free) product has been studied since at least the early 1960s in computer science and electrical engineering. The « -products were introduced by F. Gécseg in 1975. Theorem 2 (Letichevsky Decomposition Theorem (1961) [12] Theorem 7 (Krohn-Rhodes Theorem (1962) [10, 11] Proof: Since every subgroup of Ë´ µ is trivial, È ÊÁÅ Ë´Ë´ µµ , so the conclusion follows from the first part of the Krohn-Rhodes Theorem.
¾
The last part of the Krohn and Rhodes Theorem implies that the irreducible finite semigroups are exactly the finite simple groups and the subsemigroups of the flip-flop monoid . These are the flip-flop monoid itself, the two-element monoid Í, the two-element right-zero semigroup ¾ Ö , the one-element semigroup ½ , and the empty semigroup . 
Moreover, suppose a semigroup Ë divides Ë´ µ for some finite automaton : If Ë then Ë is (isomorphic to) a subsemigroup of Ë´ µ; while, if Ë is a group, then Ë is the homomorphic image of a group which is a subsemigroup of Ë´ µ. (See e.g. [11] for proofs of the statements in this section).
A pseudovariety Ë of finite semigroups is a class of finite semigroups closed under division and finite direct products. That is, (1) if Ë Ì and Ì ¾ Ë then Ë ¾ Ë, and (2) 
Taking Á , the latter condition guarantees that the one-element semigroup is in Ë, so in particular Ë cannot be empty.
If Ã is a class of finite automata, then define Ë´Ãµ, the semigroup pseudovariety corresponding to Ã, to be the smallest pseudovariety of finite semigroups containing the transition semigroup Ë´ µ for each automaton ¾ Ã.
Eilenberg Correspondences.
Eilenberg's Theorem [3] states that pseudovarieties of finite semigroups are in a natural one to one correspondence with certain classes of rec- If Ä · is a language over , then the syntactic semigroup of Ä is the transition semigroup of its minimal automaton. Ä · is recognized by a finite semigroup Ë if Ë Ë´ µ for some finite automaton ´ AEµ recognizing Ä. The reader is referred to [3] or [13] for full definitions and details, as well as relations to automata theory. The Eilenberg correspondence serves to systematize the study of regular languages algebraically. For instance, the pseudovariety Ë Ô of all finite semigroups corresponds to the variety of regular languages (Kleene's Theorem [7] ). The pseudovariety of aperiodic semigroups corresponds to the variety of star-free languages (Schützenberger's Theorem More exactly these are the ·-varieties of languages. There is a related but somewhat different Eilenberg correspondence between £-varieties of regular languages (allowing the empty word) and pseudovarieties of monoids. (See [3] or [13] for precise details and differences between the two correspondences.)
Many instances of the Eilenberg correspondence between varieties of languages and pseudovarieties of finite semigroups have been studied (see [3, 13] and subsequent publications by various researchers, including deep results of Knast, Simon, Brzozowski, and Straubing [8, 9, 15, 2, 17, 18, 19] ). For purposes of this paper, we need only some relatively simple instances of this correspondence.
If Î is a pseudovariety of finite semigroups then the reverse pseudovariety is Î Ë Ë ¾ Î whose members are the reverse semigroups of members of Ë. We record some of these correspondences between varieties of regular languages and pseudovarieties of finite semigroups:
In the sequel the two pseudovarieties and Ê will play a crucial role. We denote by the pseudovariety consisting of all finite groups and the empty semigroup.
ALGEBRATIZATION
What is the relationship between homomorphic representation by the feedback products and pseudovarieties of finite semigroups or, equivalently, varieties of regular languages?
To study this question, we examine the Letichevsky and semi-Letichevsky criteria algebraically. If we examine the transformation semigroups of automata satisfying the Letichevsky criterion, we are immediately confronted with the following fact. 
¾
Since the Eilenberg correpondence between varieties of languages and pseudovarieties of semigroups relies on the characteristic semigroups of the automata recognizing a language, the failure of the implication in Fact 11 (2) suggests that, in order to develop an algebraic theory related to the Letichevsky criterion, it is desirable to study it for the corresponding transformation semigroup -i.e., the non-empty input word automaton 
Now we say satisfies the Letichevsky criterion for non-empty words (Ä Ø · ) if · satisfies the Letichevsky criterion. This is obviously equivalent to satisfying the formula 
contradicting the choice of if
ËÄ.
To see that the converse may fail to hold, i.e. 
Ê-trivial.
Proof: Suppose that the criterion´Ä Ø · µ is satisfied. Let state ¼ and non-empty Ü Ý Ô Õ ¾ · be as in the criterion. In particular,
Conversely, let Ë´ µ be not Ê-trivial. This means there are words × Ø ¾ · such that × Ê Ø but × Ø in Ë´ µ. Then there exist Ô Õ ¾ £ such ×Ô Ø and ØÕ × in Ë´ µ.
(Clearly neither of Ô nor Õ is since × Ø in Ë´ µ.) Since × Ø, there is a state ½ with
The above proposition could also be proved via the fact that extensive automata correspond to Ê-trivial semigroups. Proof: By the preceding corollary, Ë´ µ divides the transition semigroup of a cascade of copies of´Í¯ Íµ ´Í Íµ. Since Í is the only nontrival irreducible divisor of Í, the implication holds. To see that the converse may fail to hold consider the five element Brandt semigroup ¾ with elements´½ ½µ ´½ ¾µ ´¾ ½µ ´¾ ¾µ, and ¼ with multiplication
It is easy to check that ¾ Ö does not divide ¾ , nor does any non-trivial group, but Í does since it is isomorphic to the subsemigroup ´½ ½µ ¼ . However, ¾ is not Ê-trivial:
½ ½µ Ê´½ ¾µ since´½ ½µ £´½ ¾µ ´½ ¾µ and´½ ¾µ £´¾ ½µ ´½ ½µ. So Conversely, suppose Ë´ µ is Ê-trivial but not reverse definite. Again by the previous proposition, since it is Ê-trivial it does not satisfy Ä Ø · (hence also does not satisfy Ä Ø). 
SUMMARY OF RESULTS
The results obtained so far easily entail the following series of theorems. This situation is schematized in the following figure showing major divisions in the lattice of pseudovarieties of finite semigroups that characterize the effect of the various feedback operators.
Note that since we are considering semigroup varieties, the empty semigroup must be admitted as a member of any pseudovariety of groups, including , etc.
Here ÎÒAEÎ Ò ½ AE¡ ¡ ¡AEÎ ½ denotes the pseudovariety generated by characteristic semigroups of « ¼ -products whose Ø factor automaton ´Ë¯ Ë µ for some Ë ¾ Î . « on the lattice of pseudovarieties of finite semigroups is completely solved or reduced to the study of « ¼ , the cascade closure.
